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Buoyancy counteracts gravity and can form an equilibrium. An equilibrium like in this diagram will result in 
oscillation of the polyhedron, so long as the two forces are not equal and opposite. This sort of oscillation is 
natural in nature, but diminishes quickly over time in the case of objects floating in water. Water exerts drag 
forces upon objects, of which will be approximated in later slides.
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The only unknown required to apply buoyancy forces is the volume of the submerged portion of a given 
polyhedron. This must be solved in order to apply exact buoyancy and result in as realistic of a simulation as 
possible.
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It should be noted that the orange triangles represent “negative area”. The summation of both positive and 
negative values results in the desired area calculation. This will break down, numerically, of the polygon in 
question is too far from the origin. Polygons can be translated to the origin as a pre-step to increase numerical 
accuracy, if such a problem arises.
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In order to simplify the calculation of volume greatly p should lay upon the water plane itself. This will be 
explained in a later slide’s notes.
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Please note that this computation may not be optimal as the constant division operations can be factored out and 
applied once as an end-step. Since volume is being summed it may be very important to translate polyehdra 
vertices to the origin before computation occurs in order to avoid higher floating point granularity at distances 
farther from the origin. Error might be much worse (the summation value may reach great values) if constant 
division operations are factored out until the end. I have not done formal testing here, but these are all ideas I was 
aware of when writing my own implementation.
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The triangles formed by the “open hole” as a result of the clipping operation need not be considered so long as P 
lay upon the clipping plane.

If P is on the clipping plane then all triangles formed between the open ring edges in the clipped polyhedra and P 
will result in a volume of zero during the volume summation. It is important to pick a P reference point on the 
clipping plane itself in order to greatly simplify volume summation.
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2 cases of clipping occur, but vertex A and B can be above and below the plane which results in 4 total cases in-
code.
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One can think of this calculation as a linear interpolation from a to b, where the interpolant is the time t between 
a and b to the clipping plane.

Another way to think of this is to calculate a one dimensional barycentric coordinate from a to b, where the 
coordinate lay upon the clipping plane.
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Assuming a and b cross the clipping plane (either a above and b below, or a below and b above), all that needs to 
be found is whether c lay above or below the clipping plane. This results in 4 different cases.

Since it is known that a and b (or rather, assumed) are on opposite sides of the clipping plane once the orientation 
of a is known, b is implicitly known as well. This reduces the total number of if statements and adds to code-
compactness.
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It is important to realize that the assumption we made earlier about a and b laying upon opposite sides of the 
clipping plane is an invariant that must be supplied manually. This means we need to find two vertices to act as a 
and b.
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Once any edge is found to have vertices on opposite sides of the clipping plane, this edge can immediately be 
referred to as { a, b }. The triangle is re-ordered and passed into the interior clipping routine covered in previous 
slides, where we assumed a and b crossed the clipping plane.

The last case is for when the whole triangle is submerged.
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L can be calculated in-code as the radius from the center of the polyhedron to the center of the submerged
volume. This radius length can be cached and reused later, and the longest recorded radius can be used to 
approximate the length of the polyhedron in question. Actual length of the radius vector need not be calculated, 
and instead a more optimal version (computationally speaking) of length squared can be calculated and directly 
substituted into the above equation.
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Target height can be a global value to further reduce memory footprint. Memory footprint is great to minimize in 
an array like this since we’re running this code on cache-hungry CPU hardware.
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Shear and bend edges are common in cloth simulation, but since our particle grid only acts as a height array the 
particles themselves cannot actually shear or bend (by definition) as a result.
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I myself use an array of faces to simplify implementation 
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Stiffness is just a parameter to describe how much the particles try to conserve total volume of the water. It is a 
unit-less tuning parameter. Various values for stiffness can result in a wide range of surface behavior.

30



Propagation is another unit-less tuning parameter, and just describes how much particles are pulled to their 
neighbor’s height. How many times we run the SolveEdges function within a given simulation loop determines 
how many edges a wave can propagate across the particle grid.

This results in two more tuning parameters: propagation value and edge solve iterations. These two parameters 
can result in a wide range of behaviors. Obviously higher SolveEdges iteration counts will slow down performance.
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There are iterative methods such as HouseHolder-QR/QL, Jacobi et al. that can compute an eigensolution
(eigenvalues and corresponding eigenvectors) in an iterative fashion. These algorithms are useful in that they are 
generalized for n by n matrices, but closed form computation (as proposed in this slide) is much faster. Sadly 
closed-form solutions for polynomials for degree 5 and higher do not have formulas, which is why iterative 
methods have been studied for so long.
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